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ANALYTIC APPROACH TO S1-EQUIVARIANT MORSE INEQUALITIES
MOSTAFA E. ZADEH AND REZA MOGHADASI
Abstract. The cohomology groups of a closed manifold M can be reconstructed using the gradient
flow of a Morse-Smale function f : M → R. A direct result of this construction are Morse inequalities
that provide lower bounds for the number of critical points of f in term of Betti numbers of M .
E. Witten showed that these inequalities can be deduced analytically by studying the asymptotic
behaviour of the deformed Laplacian operator. In this paper, adopting Witten’s approach, we provide
an analytic proof for the so-called equivariant Morse inequalities when the underlying manifold is
acted upon by the Lie group G = S1 and the Morse function f is invariant with respect to this
action.
1. Introduction
Classical Morse theory involves the fundamental observation that the cellular structure of a closed
manifold M can be reconstructed through level sets of a Morse function f on M . In particular
this gives a way to reconstruct the cellular chain complex and therefore the cohomology of M , as is
explained clearly in [10] and [16].
The seminal paper of E. Witten [18], which was inspired by ideas from quantum field theory, shed
a new light on Morse theory by providing a new chain complex for reconstructing the cohomology of
M . This complex, called the Morse-Smale-Witten complex, is generated by the critical points of f
and graded by their Morse indices, as in the cellular complex. However its differentials are defined
using the gradient lines between critical points whose indices differ by one. We refer to [16] for a
detailed exposition of this theory. Amongst others, this construction led to the innovation of Floer
Homology and solved (partially) the Arnold conjecture, c.f. [15].
An immediate consequence of the reconstruction of the singular cohomology via critical points of
a Morse function is the Morse inequalities. Roughly speaking, they provide lower bounds for the
number of critical points in term of the Betti numbers of M , i.e. the rank of the cohomology groups
of M . If one is interested in these inequalities rather than the cohomology itself, there is a very
elegant and conceptual analytic derivation. This is Witten’s idea of deforming the de Rham complex
in an appropriate way using the Morse function and then studying the asymptotic behaviour of this
complex. In this paper we follow Roe’s account of Witten’s approach in [13, chapter 14].
Morse theory can be generalized in other directions. For instance in some situations there is a
compact Lie group G acting on M and preserving f . This problem naturally arises in the n-body
problem, where the central configurations are critical points of a Morse function which is invariant
with respect to the action of SO(n) (c.f. [12]). Another example is the problem of finding the number
of closed geodesics of a Riemannian metric; where the Lie group is S1 acting on the loop space of
the underlying manifold and the Morse function is given by the energy of loops. Actually this last
example was amongst the first applications of Morse theory, worked out by Morse in [11]; see also [10,
chapter 3]. In these cases, the connected components of critical level sets of f are clearly orbits of the
action. We can simply ignore the invariance of f with respect to the action and get lower-bounds for
the number of these critical levels using Morse-Bott theory (see [4] and [5, page 344]). However, as it
is clearly explained in [5, pages 351-355], to get better results one has to consider the G-invariance of
f , and this requires an appropriate cohomology theory that takes account of the group action. This
is the equivariant cohomology theory which was introduced originally by H. Cartan in 1940s.
A. G. Wasserman in [17, section 4] developed equivariant Morse theory for a general compact Lie
groupG, showing that one could use a G-invariant Morse function to compute equivariant cohomology.
The Morse-Smale-Witten complex for equivariant cohomology is not yet constructed for a general Lie
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group G. The particular case G = S1 is recently treated by M. J. Berghoff [3] and provides, as a
by-product, a proof for the equivariant Morse inequalities, whose precise statement may be found in
[17, page 149] or in [5, page 351]. The methods of [3] are apparently difficult to be generalized to a
general Lie group G.
In this paper we also consider the case G = S1 and prove the equivariant Morse inequalities by
adopting Witten’s method to deform the Borel complex. Applying this method to a general Lie group
(except torus groups) is not straightforward. Our approach will be interesting for those who are
interested in analytical methods rather than in topological ones. It is also valuable for those who
are interested in Morse inequalities rather than in the equivariant cohomology groups. Moreover,
the analytic approach is more flexible and can be adapted to different situations. It has also been
used to deal with Morse inequalities on manifolds with boundary in [19], and to establish the so-
called delocalized Morse inequalities in [20]. In [9] similar methods are used to establish equivariant
Morse-Bott inequalities, where a finite group G acts on a closed manifold M .
The structure of the paper is as follows. In section 2 we give the definition of equivariant cohomology
theory by introducing the Borel complex. Then we give the precise statement of the equivariant Morse
inequalities in theorem 2.1. In section 3 we establish the Hodge theory for the equivariant complex and
introduce the Witten deformation of the Borel complex. Then we prove an infinite number of quite
general equivariant analytical Morse inequalities in theorem 3.2. The asymptotic behaviour of these
inequalities leads finally to the Morse inequalities. Lemma 3.1 will be used in last section to show that
the number of Morse inequalities is actually finite. Lemma 3.5 reduces our problem to computing the
kernel of some elliptic operators on Euclidian spaces. The computation of these kernels is the subject
of section 4 and leads to the proof of the main theorem in the last paragraph of the paper.
2. Equivariant cohomology and the statement of the main theorem
Let G be a compact Lie group that acts on a topological space M , and let EG→ BG be a model
for the universal principal G-bundle. Let MG denote the Borel construction (M × EG)/G. The
equivariant cohomology of M with complex coefficients, which we denote by H∗G(M), is the singular
cohomology of MG with coefficient in C
(2.1) H∗G(M) = H
∗(MG,C)
If G acts trivially then MG = M × BG and H∗G(M) = H∗(M × BG) = H∗(M) ⊗ H∗(BG). In
particular the equivariant cohomology of a single point is the group cohomology H∗(BG). If the
action of G on M is free then EG→MG →M/G is a fibration with contractible fibres which implies
H∗G(M) = H
∗(M/G). Actually the equivariant cohomology gives a way to combine the cohomology
of the space M and that of G while taking into the account the action of G on M , c.f. [1].
When M is a differentiable manifold and the action is smooth there is a more geometric approach
to the construction of the equivariant cohomology. If G is the circle group S1, this construction is
suitable for applying analytic methods and constructing an appropriate Hodge theory. Therefore,
from now on, we will consider this case, and denote the circle group by T. In this paper we will deal
with Borel’s definition of equivariant de Rham complex as is explained, amongst other applications,
in [1] and [6].
Let M be a closed n-dimensional manifold which is acted upon by the group T. This action is
assumed to be smooth and not necessarily free. The Lie algebra of T is R with a fixed element 1.
This element generates a vector field v on M which is tangent to the orbits and vanishes at fixed
points of the action. The vector field v is called the infinitesimal generator of the action and we
denote its t-time flow by φt. By convention, the period of v and then the period of the flow φt, is
2π. Let Ω∗
T
(M) ⊂ Ω∗(M) consists of all invariant differential forms ω, i.e., those satisfying φ∗t (ω) = ω
for t ∈ R, or equivalently Lv(ω) = 0, where Lv is the Lie derivative with respect to v. Consider the
algebra Ω∗eq(M) := C[t]⊗Ω∗T(M). If we write t ∈ g∗ for dual element corresponding to 1, i.e. t(1) = 1,
then this is the algebra of all polynomial functions on the Lie algebra g = R with values in Ω∗
T
(M). In
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other words, this is the algebra of polynomials of t with coefficients in Ω∗
T
(M). This algebra is graded
by the rule deg(ti ⊗ ω) = 2i+ deg(ω). The linear map
deq : Ω
∗
eq(M)→ Ω∗+1eq (M)
deq(t
i ⊗ ω) = ti ⊗ dω + ti+1 ⊗ ivω(2.2)
is a differential, i.e. d2eq = 0, and increases the degree by one. The equivariant de Rham cohomology
groups H∗eq(M) are the cohomology groups of this graded differential complex. It turns out that these
groups are isomorphic to the groups H∗G(M) introduced by (2.1) when M is a smooth manifold [8,
page 28]. The cohomology group Hkeq(M) is a finite dimensional complex vector space. So one can
define the equivariant Betti numbers by βkeq := dimH
k
eq(M). If the action S
1 × M → M is free,
then M˜ =M/S1 is a smooth manifold, and the equivariant cohomology groups of M are canonically
isomorphic to the de-Rham cohomology of M˜ . The equivariant cohomology of a point is just the
algebra C[t] (with deg t = 2), which is isomorphic to the de-Rham cohomology of BS1 = CP∞.
Let f : M → R be an invariant smooth function, i.e. v.f = 0. An orbit o is critical if one point
on it (hence all of its points) is a critical point for f . For x ∈ o let Nx stands for the quotient space
TxM/Txo. A Riemannian metric g on M allows us to identify Nx with the orthogonal complement
of Txo. Let ∇ be the Riemannian connection on TM associated to the metric. For x ∈ M and
X,Y ∈ TxM the Hessian of f is a symmetric bi-linear form defined as follows
Hf (X,Y ) = X.(Y.f)− (∇XY ).f
Because T is compact it is always possible, through an averaging procedure, to assume g be S1-
invariant. With this assumption, if X or Y belong to Txo then Hf (X,Y ) = 0. Therefore the Hessian
defines a well defined symmetric bi-linear form on Nx. Using the Riemannian metric, we can identify
Nx with the orthogonal compliment of Txo. We denote the restriction of Hf to Nx ⊂ TxM by H¯f .
We say a critical orbit o is transversally non-degenerate (or simply non-degenerate) if H¯f is non-
degenerate at x , and therefore at any other point of o. Consequently, we may write an orthogonal
direct sum Nx = N
−
x ⊕N+x such that the Hessian is negative definite on N−x and positive definite on
N+x . It turnes out that these spaces can be chosen in a manner that form vector bundles N , N
− and
N+ over o such that
(2.3) N = N− ⊕N+
The Morse index of such an orbit is the dimension of the maximal subspace of Nx on which the
Hessian is negative-definite, i.e. the dimension of N−x . In what follows, we reserve the notation o for
a non-trivial orbit and we denote a trivial orbit by its geometric image, that is a point p in M . If all
critical points and orbits of the smooth invariant function f are transversally non-degenerate, then f
is called a Morse function. Let ck denote the number of critical points of the Morse function f with
Morse index k. Let also dk denote the number of those critical orbits o with Morse index k such that
the bundle N− defined in(2.3) is trivial. Our aim is to provide an analytic proof for the following
equivariant Morse inequalities via Witten deformation:
Theorem 2.1. With c˜k := dk+ ck+ ck−2+ ck−4+ ... the following inequalities hold for k = 0, 1, 2, . . .
c˜k − c˜k−1 + · · · ± c˜0 ≥ βkeq − βk−1eq + · · · ± β0eq.
Actually the inequalities for k ≥ n+ 1 are equivalent to the inequality for k = n.
Note that, when the action is free, these inequalities reduce to the ordinary Morse inequalities for
the function f˜ : M˜ → R, while they reduce to the Morse inequalities for the function f when the
action is trivial.
Equivariant Morse inequalities are mostly stated in the literature in slightly more complicated topo-
logical expression. Here we explain briefly how these expressions are equivalent to above inequalities
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for circle group T and for equivariant cohomolgy with coefficients in C: The equivariant Poincare´
series for a closed G-manifold M is defined by
PGt (M) =
∑
k
tj dimHkG(M,C) =
∑
k
tjβkeq.
Here the equivariant cohomology groups have coefficients in C. Similarly the equivariant Morse series
of a Morse function is defined as follows
MGt (f) =
∑
N
tλNPGt (N ; θ
−).
Here N runs over the critical manifolds of f , and λN is the Morse index of the critical manifold N .
Real line bundle θ− is the orientation bundle associated to N−, and in PGt (N ; θ
−) cohomology groups
are considered with coefficients in flat line bundle θ−. The equivariant Morse inequalities as stated,
e.g. in [5, page 351] assert that there is a series Qt(f) = q0+q1t+q2t
2+ . . . , with positive coefficients,
such that
(2.4) MGt (f)− PGt (M) = (1 + t)Qt(f).
Let see what information this formulation of Morse inequalities provide when G is the circle group T.
In this case the equivariant Hodge isomorphism (see (3.4) and remark 2) provide the following relation
(see also [5, page 351-353]): P Tt (p) = 1 + t+ t
2 + t4 + . . . , while P Tt (o, θ
−) = 0 if θ− is not orientable,
and P Tt (o, θ
−) = 1 otherwise. Using these equalities, relation (2.4) takes the following form∑
o∈O+
tλo +
∑
p
tλp(1 + t2 + t4 + . . . )−
∑
k
βkeq t
j = (1 + t)(q0 + q1t+ q2t
2 + . . . )
where O+ consists of all orbits whose line bundle θ− is orientable. By comparing coefficients of
powers of t from both sides of this relation, and using qk ≥ 0, it is easy to see that this relation implies
inequalities of our theorem 2.1 and vice versa.
Remark 1. One might be interested in forming an ”invariant cohomology” H∗inv(M) by considering
the following complex instead of (2.2)
d : Ω∗
T
(M)→ Ω∗+1
T
(M)
Actually this complex produces the ordinary de Rham cohomology H∗(M). To see this consider a
class [ω] is H∗(M). Since T is connected, each element g ∈ T, as a map on M , is homotopic to
identity map and therefore [g∗ω] = g∗[ω] = [ω] in H∗(M). By averaging and normalizing the relation
[g∗ω] = [ω] over T, with respect to an invariant measure, we conclude that each class in H∗(M) is
represented by a T-invariant differential forms. Therefore the morphism φ : H∗inv(M) → H∗(M)
defined by φ([ω]) = [ω] is surgective. It is indeed injective and therefore an isomorphism. To see this
let φ([ω]) = 0 ∈ H∗(M), then we have ω = dη and ω is T-invariant. Then ω = d h∗η for h ∈ T.
This implies ω = dα, where α ∈ Ω∗
T
(M) is the average of h∗η on T. Consequently [ω] = 0 ∈ H∗inv(M)
which implies the injectivity of φ and then the isomorphism H∗inv(M) ≃ H∗(M). As a result, the
”T-invariant Euler characteristic” and ordinary Euler characteristics are equal. We need this result
in the following section.
3. Equivariant Hodge theory and analytic Morse inequalities
For our purposes in this paper, we need to establish an equivariant version of Hodge theory. The
space of T-invariant differential forms Ω∗
T
(M) is endowed with an inner product coming from the
Riemannian metric g and its natural lifting to the exterior algebras ∧∗(T ∗pM) for all p ∈ M . The
formal dual of the exterior differential d is the operator d∗. We define a scalar product on C[t]⊗Ω∗
T
(M)
by the bi-linear extension of the following formula
(3.1) 〈ti ⊗ ω , tj ⊗ η〉 = δij〈ω , η〉
It is easy to verify that the formal adjoint of the equivariant exterior derivative deq (see (2.2)) with
respect to the scalar product (3.1) is the linear extension of the following operator of grade −1
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d∗eq : Ω
∗
eq(M)→ Ω∗−1eq (M)
d∗eq(t
i ⊗ ω) = ti ⊗ d∗(ω) + δiti−1 ⊗ v∗ ∧ ω(3.2)
Here v∗ ∈ Ω1
T
(M) is the dual of the vector field v, while for i = 0, 1, 2, . . .
δi =
{
0 if i = 0
1 if i > 0
The equivariant Laplacian operator is defined by ∆eq := d
∗
eqdeq+deqd
∗
eq. The following relation is a
very direct consequence of definitions and gives the action of ∆eq on a term like t
i⊗ω. If ∆ = dd∗+d∗d,
then we have
∆eq(t
i ⊗ ω) =ti ⊗ (∆ω + v∗ ∧ iv ω + δi iv v∗ ∧ ω)(3.3)
+ ti+1 ⊗ (iv d∗ω + d∗ ivω)
+ δi t
i−1 ⊗ dv∗ ∧ ω
We denote the restriction of ∆eq to Ω
k
eq(M) by ∆
k
eq . This is a second order elliptic differential
operator, which is formally self-adjoint with respect to the inner product (3.1). We can apply the
ordinary completion procedure to construct the Hilbert spaces L2(M,∧keqTM) or Sobolev spaces
Wα(M,∧keqTM). Therefore, exactly as in the classical Hodge theory for the Laplacian (e.g. through
the construction of heat operator as in [14, chapter 3]) we obtain the following equivariant Hodge
isomorphisms for k = 0, 1, 2, . . .
(3.4) Hkeq(M) ≃ ker∆keq
Remark 2. Let G = T be the circle group acting trivially on a point p. This equivariant Hodge
isomorphism, alongside the explicit expansion (3.3) readily imply that H2k+1eq (p) = 0, while H
2k
eq (p)
is one dimensional generated by tk, for k = 0, 1, 2, . . . . If T acts on itself with nontrivial orbit o
(therefore v is no-zero), then equivariant Hodge isomorphism and (3.3) imply the following: If k > 0
then Hkeq(o) = 0, while H
0
eq(o) = C is generated by does functions of T that are invariant under the
action of T (compare with [7, page 245]). We could easily define a version of equivariant cohomology
with local coefficients and prove the corresponding Hodge isomorphism to conclude that if ℓ is a non-
orientable real line bundle over o then Hkeq(o, ℓ) = 0 for k = 0, 1, 2, . . . .
It is clear from expansion (3.3) that for k ≥ n−1, multiplication by ti gives rise to the isomorphism
Ωkeq(M) ≃ Ωk+2ieq (M) and the action of the Laplacian is linear with respect to this multiplication.
Therefore, for k ≥ n−1 we have ti⊗ker∆keq = ker∆k+2ieq which implies, by (3.4), the following results
(3.5) Hkeq(M) ≃ Hk+2ieq (M)
We use the following lemma to prove that the equivariant Morse inequalities stop beyond degree n.
Lemma 3.1. For k ≥ n the following equalities hold
βkeq − βk+1eq = (−1)kχ(M)
where χ(M) is the Euler characteristic of M .
Proof: Using (3.5) it is enough to prove the lemma for k = n. It is clear from (2.2) that deq is
C[t]-linear. However, due to the term δi in (3.2); the operator d
∗
eq is C[t]-linear on Ω
k
eq only for k ≥ n.
Because t ⊗ Ωn−1eq (M) = Ωn+1eq and t ⊗ Ωneq(M) = Ωn+2eq we can define the following grad-reversing
operator
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D¯eq : Ω
n
eq ⊕ Ωn+1eq → Ωneq ⊕ Ωn+1eq ,
where Ωneq ⊕ Ωn+1eq is given a Z2-grading, and on the even-summand, i.e. Ωneq we define D¯eq to be
deq + td
∗
eq , while on the odd-summand Ω
n+1
eq we define it to be t
−1deq + d
∗
eq .
The operators d¯eq and d¯
∗
eq are formal adjoint of each other with respect to the inner product (3.1).
Therefore, D¯eq is grading reversing and formally self-adjoint. It is clear from the definitions that
D¯2eq = ∆eq , thus, D¯eq is an elliptic differential operator and its Fredholm index is given by
ind D¯eq = dimker∆
n
eq − dimker∆n+1eq = βneq − βn+1eq .
On the other hand, as differential operators on Ωneq⊕Ωn+1eq , the elliptic operators D¯eq and the classical
de Rham operator D := d+ d∗, acting on the T-invariant differential forms, have the same principal
symbols. Therefore they are homotop in the space of Fredholm operators. Because Fredholm index
is homotopy invariant, we get the equality ind D¯eq = indD. The right side of this equality could be
named as T-invariant Euler characteristic, which is actually equal to the ordinary Euler characteristic
of M by remark 1, and this completes the proof of the lemma. 
We need a deformed version of the equivariant Laplacian that we introduce here. Given a positive
parameter s and using the Morse function f , we define the the Witten deformation of deq as the
operator deq,s := e
−sfdeqe
sf = deq + sdf∧. Its formal dual is d∗eq,s = d∗eq + s∇fy, where ∇f stands for
the gradient of f . The associated deformed equivariant Lapacian ∆eq,s := d
∗
eq,sdeq,s + deq,sd
∗
eq,s has
the following expansion, c.f. [13, Lemma 9.17]
(3.6) ∆eq,s = ∆eq + s
2|df |2 + sHf
Here Hf is the following operator, where {ei}i is a local orthonormal base for TM and Lei and Rei
are respectively the left and right Clifford multiplication by ei (see [13, page 126])
(3.7) Hf =
∑
i,j
Hf (ei, ej)LeiRej
It is clear that Ω∗eq(M) with the differential deq,s is a graded differential complex, so we may
define the deformed cohomology spaces Hkeq,s(M). Nevertheless, these cohomology spaces are not new
objects, and multiplication by e−sf provides the following isomorphism
(3.8) Hkeq(M) ≃ Hkeq,s(M).
Using the expansion (3.6) and Duhamel’s formula [14, page 97], one is able to construct the
heat operator associated to ∆eq,s which establishes a Hodge theory and provides the isomorphisms
ker∆keq,s ≃ Hkeq,s(M). This and (3.8) give the following relation
(3.9) βkeq = dim(ker∆
k
eq,s)
Using (3.6), it is clear that ∆keq,s is a non-negative and second order elliptic differential operator
on L2(M,∧keqTM). Therefore, given a smooth and rapidly-decreasing positive function φ on R≥0
satisfying φ(0) = 1, the operator φ(∆keq,s), being a smoothing operator on L
2(M,∧keqTM) , is a trace
class operator, and we denote its trace by
µkeq,s = trφ(∆
k
eq,s) ; k = 0, 1, ..., n
The following equivariant analytic Morse inequalities are our departure to our proof for theorem 2.1
(see [13] for the non-equivariant version)
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Theorem 3.2 (the analytic equivariant Morse inequalities). With the above notations, the following
inequalities hold for k = 0, 1, 2, . . .
µkeq,s − µk−1eq,s + · · · ± µ0eq,s ≥ βkeq − βk−1eq + · · · ± β0eq
Proof: If we put βkeq,s = dim(ker∆
k
eq,s) then by (3.9) the above inequalities are equivalent to the
followings
µkeq,s − µk−1eq,s + · · · ± µ0eq,s ≥ βkeq,s − βk−1eq,s + · · · ± β0eq,s
The argument in the proof of the proposition 14.3 of [13] applies to the deformed Laplacian and
gives these inequalities. For the sake of completeness we give a very brief account of this proof. The
spectrum of the deformed Laplacian ∆keq,s is discrete, so there is a rapidly decreasing function φ˜ on R
which vanishes on non-zero elements of the spectrum such that φ˜(0) = 1. Therefore βkeq,s = tr φ˜(∆
k
eq,s)
which implies µkeq,s − βkeq,s = tr((φ − φ˜)∆keq,s). The relation (φ − φ˜)(x) = xψ(x)2 defines a rapidly
decreasing function ψ on R, and one get the following
(3.10) µkeq,s − βkeq,s = tr∆keq,sψ(∆keq,s)2
Let Hj denote the L
2-Hilbert space generated by Ωjeq(M). Using the relation ∆
j
eq,s = d
∗
eq,sdeq,s +
deq,sd
∗
eq,s one gets easily the following relation
tr{deq,sd∗eq,sψ(∆jeq,s)2}|Hj = tr{d∗eq,sdeq,sψ(∆j−1eq,s)2}|Hj−1
Using this with an alternating summation from j = k to j = 0 on equation (3.10) we get the following
relation
(µkeq,s − βkeq,s)− (µk−1eq,s − βk−1eq,s ) + · · · ± (µ0eq,s − β)eq,s = tr{d∗eq,sdeq,sψ(∆keq,s)2}|Hk
Since d∗eq,sdeq,sψ(∆
k
eq,s)
2 is a non-negative operator, the right side of the above relation is non-negative
in general and this gives the equivariant Morse inequalities. 
To prove theorem 2.1, we will study the asymptotic behavior of µkeq,s when s goes toward infinity
and apply theorem 3.2. Since φ is rapidly deceasing, the operator φ(∆keq,s) is smoothing and has a
smooth kernel
φ(∆keq,s)ω (p) =
∫
M
Kks (p, q)ω(q) dµg(q)
HereKks (p, q) is an element of ∧keqTpM⊗∧keqT ∗qM and µg is the Riemannian volume element associated
to the invariant metric g. Therefore for k = 0, 1, 2, . . . we have
(3.11) µkeq,s =
∫
M
trKks (p, p) dµg(p)
We recall the following relation from (3.6)
∆eq,s = ∆eq + s
2|df |2 + sHf
Let’s restrict ourself to a complement set of an open neighbourhood of the critical levels (i.e. the union
of the critical points and the critical orbits) of f , where |df | ≥ c > 0. Here ∆eq is non-negative, while
the term s2|df |2 dominates the term sHf when s goes to infinity . Therefore, informally speaking,
on the smooth sections supported in this set, operator ∆keq,s get bigger and bigger t when s goes to
infinity. Consequently on this set φ(∆keq,s) goes to zero when s goes to infinity. This argument can
actually provide a rigorous proof for the following lemma by using finite propagation speed property
of the wave operator and the Friedrich extension theorem. This is done in the proof of the non-
equivariant case in [13, Lemma 14.6] and can be literally applied to our equivariant context to provide
a proof for the following lemma:
Lemma 3.3. When s goes toward infinity, the smoothing kernel Kks (p, q) goes uniformly to zero when
p or q belong to a complement of an open neighbourhood of the critical levels of f .
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For ρ > 0 let N4ρ(p) and N4ρ(o) denote, respectively, the 4ρ-neighbourhood of the critical point p
and the critical orbit o. Let also φp and φo denote equivariant non-negative smooth functions on M
which are supported, respectively, in N3ρ(p) and in N3ρ(o) such that φp = 1 on Nρ(p) and φo = 1
on Nρ(o). Point-wise multiplication by these functions defines operators on equivariant differential
forms. The following corollary comes up as a very direct result of the above lemma:
Corollary 3.4. The following relation holds
lim
s→∞
µkeq,s = lims→∞
trφ(∆keq,s) =
∑
p
lim
s→∞
tr(φpφ(∆
k
eq,s)) +
∑
o
lim
s→∞
tr(φoφ(∆
k
eq,s)
Let Bna(0) denote the ball in R
n with center 0 and radius a. By choosing ρ sufficiently small and
using an equivariant version of partition of unity, we can assume that N4ρ(p) and B
n
4ρ(0) are isometric
and in this isometry the point p corresponds to 0. This is also true for N4ρ(o) and S
1×Bn−14ρ (0) where
o corresponds to S1 × {0}, provided that N4ρ(o) be orientable. We will consider the non orientable
case later. Let Lks and L¯
k
s denote, respectively, differential operators on Ω
k
eq(R
n) and Ωkeq(S
1×Rn−1)
such that with respect to above isometries
∆keq,s|N4ρ(p) = Lks |Bn4ρ(0) and ∆keq,s|N4ρ(o) = L¯ks |S1×Bn−14ρ (0)
Then, through a standard argument, based on Fourier inversion formula and finite propagation speed
of wave operators, the following equalities hold
φ(∆keq,s)(ω1) = φ(L
k
s )(ω1) and φ(∆
k
eq,s)(ω2) = φ(L¯
k
s )(ω2)
provided that the Fourier transform φˆ of φ is supported in (−ρ , ρ) and the support of ω1 and ω2 are
included, respectively, in Bn3ρ(0) and S
1 × Bn−13ρ (0). Therefore,
tr(φpφ(∆
k
eq,s)) = tr(φpφ(L
k
s )) and tr(φoφ(∆
k
eq,s)) = tr(φoφ(L¯
k
s ))
These equalities and corollary 3.4 together prove the following lemma
Lemma 3.5. Provided that the support of φˆ, the Fourier transform of φ, is included in (−ρ, ρ), and
with above notations, the following relation holds
(3.12) lim
s→∞
µkeq,s = lims→∞
trφ(∆keq,s) =
∑
p
lim
s→∞
tr(φpφ(L
k
s )) +
∑
o
lim
s→∞
tr(φoφ(L¯
k
s ))
Here p runs over all critical points of f while o runs over all critical orbits of f and Lks and L¯
k
s are the
local representation of ∆ks around 4ρ-neighbourhood of, respectively, critical points and critical orbits.
In the following section we will compute the values of each term in the right side of the above
relation.
4. Localization on critical levels
At the beginning of this section, let start with some well-known facts which will be used afterward.
Lemma 4.1. Let Zi := [dxi∧ , dxiy] be considered as a linear map on exterior algebra generated
by dxi’s. This linear map is diagonalizable and an element of the form dxi1 ∧ dxi2 ∧ · · · ∧ dxij is an
eigenvector corresponding to eigenvalue 1 if i = iℓ for one ℓ, and to eigenvalues −1 otherwise.
In order to evaluate the right side of (3.12), and therefore compute the asymptotic behavior of µks
at the left side of that equality, we need to review some spectral properties of harmonic oscillator
operator (see [13, ])
(4.1) − ( ∂
2
∂x21
+
∂2
∂x22
+ · · ·+ ∂
2
∂x2n
) + a2(x21 + x
2
2 + · · ·+ x2n) ; a > 0
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This is an unbounded self-adjoint operator acting on L2(Rn), the completion of C∞0 (R
n) with respect
to L2-norm, and provides a spectral resolution for this Hilbert space. The eigenvalues of this operator
are a(n+ 2p) with p = 0, 1, 2, . . . . The eigenvector corresponding to the minimal eigenvalue na is the
following function
(4.2) u0(x) := (aπ
−2)n/4 exp(−ax2/2)
Here x = (x1, x2, . . . , xn) and x
2 = x21+x
2
2+ · · ·+x2n. Moreover, given a compactly supported smooth
function β on Rn such that β(0) = 1, then
(4.3) lim
a→∞
〈β(x)u0(x) ; u0(x)〉 = β(0) = 1
To compute the contribution of critical levels in (3.12),, we need to have a good representation of the
deformed equivariant Laplacian operators around them. This is provided by an equivariant version of
the Morse lemma that we are going to explain. Let us begin with an equivariant version of the tubular
neighbourhood theorem. Suppose that G is a compact Lie group acting on the closed manifoldM and
g is a Riemannian metric which is invariant under the action. The map ηx : G/Gx → G.x given by
ηx([h]) = h.x is a diffeomorphism, where G.x and Gx are the orbit and stablizer of x ∈M . For h ∈ Gx,
the derivative Txh : TxM → TxM is an isometry that maps TxG.x into itself. Therefore, it induces a
linear isometry φ(h) : Nx → Nx where Nx ⊂ TxM is the orthogonal complement of TxG.x. In other
words one has an orthonormal representation φ : Gx → O(Nx). The subgroup Gx has a free action
on G×Nx given by h.(h′, v) = (h′h−1, φ(h)(v)). The quotient space is a vector bundle π : N → G.x
whose fibres are isometric to Nx (here we have used the identification G.x = G/Gx). The action of G
on G×Nx is given by h.(h′, v) = (hh′, v), and it commutes with the action of Gx. Therefore it induces
a bundle map on the vector bundle N → G.x. The equivariant tubular neighbourhood theorem [2,
page 15] asserts that there is an invariant neighbourhoodW of G/Gx, as the zero section of the bundle
N , and an invariant neighbourhood U of the orbit G.x, and an equivariant diffeomorphism η¯ : W → U
that extends the orbit map η and makes the following diagram commutative
G/Gx
η−−−−→ G.x
i
y iy
W ⊂ N η¯−−−−→ U ⊂M
Note that by this tubular neighbourhood theorem, each fiber Ny has an inner product and the action
g : Ny → Ng.y is a linear isometry. Therefore N → G.x is a Riemannian vector bundle, and we have
equivariant Morse Lemma [17, lemma 4.1]: For r > 0 put
N(r) = {vy ∈ N |‖vy‖y < r, y ∈ G.x}
and let G.x be a non-degenerate critical manifold for an invariant function f . There is an equivariant
diffeomorphism ψ : N(r) → U , for some r > 0, such that for v ∈ N(r) we have f(ψ(v)) = ‖Pv‖2 −
‖(1− P )v‖2, where P is an equivariant orthogonal bundle projection.
Now we go back to our case, where the Lie group G is the circle group T and compute the contri-
bution of critical points and critical orbits in the right side of (3.12).
Contribution of critical fixed points: let p be a fixed point of the action and a critical point
for the Morse function f . We may assume that p = 0 and f(p) = 0. The equivariant tubular
neighbourhood theorem and the Morse lemma provide a coordinate system around p with respect to
which the Riemannian metric takes the form
(4.4) g = dx21 + · · ·+ dx2n ,
the elements of G act as elements of SO(n), and f takes the following form, where m is the Morse
index of p
f(x) = −x21 − · · · − x2m + x2m+1 + · · ·+ x2n.
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Because the elements of T are linear functions that preserve both the Euclidean norm x21+ · · ·+x2m+
x2m+1+ · · ·+x2n and the quadratic form −x21−· · ·−x2m+x2m+1+ · · ·+x2n, they preserves the subspaces
(x1, . . . , xk, 0, . . . , 0) as well as (0, . . . , 0, xk+1, . . . , xn), and on these subspaces the action preserves
the Euclidean norm. By standard results from representation theory (or canonical forms of orthogonal
operators) there are orthonormal basis for these subspaces with respect to which the action of T, and
the Morse function f take the following forms (as in this new coordinates the form of g and f do not
change, wee keep to denote this last coordinates by x = (x1, x2, . . . , xn))
(4.5) eiθ(x1 + ix2, . . . , xn) = (e
im1θ(x1 + ix2), . . . , e
imqθ(x2q−1 + ix2q), x2q+1, . . . , xn)
where mi ∈ N, and
(4.6) f(x1, x2, . . . , x2q+1, . . . , xn) = ǫ1(x
2
1 + x
2
2) + · · ·+ ǫq(x22q−1 + x22q) + λ2q+1x22q+1 + · · ·+ λnx2n
where ǫj’s and λj ’s are equal to ±1 and the total number of occurrence of −1 is equal to the Morse
index of p. In (4.5) the expressions like eim1θ(x1 + ix2) denotes the multiplication of the complex
numbers eim1θ and x1 + ix2. The vector field v and its dual with respect to g take the following form
in this coordinate system
v = (−m1x2,m1x1, . . . ,−mqx2q,mqx2q−1, 0, . . . , 0),(4.7)
v∗ = −m1x2dx1 +m1x1dx2 − · · · −mqx2qdx2q−1 +mqx2q−1dx2q(4.8)
Also the Clifford hessian of (3.7) takes the following form (see [13, page 126])
(4.9) Hf =
n∑
i=1
λiZi ; Zi = [dxi∧ , dxiy]
where λi = ±1 is the coefficient of xi in (4.6).
Using (3.6) and (4.9), the deformed Laplacian ∆eq,s(M) coincides with the following operator in a
small neighborhood of p.
Ls : Ωeq(R
n)→ Ωeq(Rn)
Ls(aj,I t
j ⊗ dxI) = ((∆ + 4s2|x|2 + sCI)aj,I) tj ⊗ dxI + aj,I M(tj ⊗ dxI) + aj,I K(tj ⊗ dxI)(4.10)
where ∆ is euclidean Laplacian in Rn, while M and K are tensorial operators given by
M(tj ⊗ dxI) = tj ⊗ (v∗ ∧ iv(dxI) + δjiv(v∗ ∧ dxI))(4.11)
K(tj ⊗ dxI) = tk+1 ⊗ (iv(d∗(dxI)) + d∗(iv(dxI))) + δjtk−1 ⊗ dv∗ ∧ dxI(4.12)
Here CI ’s are constants defined by the last equality in the following expression for Hf (the first equality
is coming from lemma 4.1)
(4.13) Hf (t
j ⊗ dxI) = 2(
∑
i∈I
λi −
∑
j /∈I
λj)t
j ⊗ dxI = CI tj ⊗ dxI
Note that M and K are nonnegative self adjoint operators which are not dependent on s and the
eigenvectors of Ts = Ls−M −K are ulI tj ⊗ dxI where ulI is l-th eigenvector of the following operator
(4.14) ∆ + 4s2|x|2 + sCI : L2(Rn)→ L2(Rn),
with corresponding eigenvalue s(4l+2n+CI), independent of j (see the discussion at the beginning of
this section on harmonic oscillator operator). By definition of CI in (4.13), it is clear that CI ≥ −2n
and the equality holds for arbitrary j, but exactly one I˜ consisting of those indices i such that the
coefficient of x2i in expression (4.6) for f is −1. Therefore, all nonzero element of the spectrum of Ts
are greater than or equal to 2s, while 0 is an eigenvalue of Ts with eigenvectors u0 t
j ⊗ dxI˜ , where
(4.15) u0 =
(
2π−2s
)n/4
e−s|x|
2
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is introduced by (4.2). Let Lks , T
k
s , M
k and Kk be the restrictions of Ls, Ts, M and K to equivariant
space Ωkeq(R
n) and denote the l-th eigenvalue of Lks by λ
l
k,s. By above discussion T
k
s has only one
zero eigenvalue if k = 2j + |I˜| = 2j +m (m is the Mosre index of f at p) and the other eigenvalues
are greater than s. For such k we have
λ0k,s = min
|w|=1
(Lksw,w) ≤ 〈Lks (u0 tj ⊗ dxI˜), u0 tj ⊗ dxI˜〉
= 〈(T ks +Mk +Kk)(u0 tj ⊗ dxI˜), u0 tj ⊗ dxI˜〉.
Since T ks (u0 t
j ⊗ dxI˜) = 0 and Kk changes the power of t, we have
〈(T ks +Mk +Kk)(u0 ti ⊗ dxI˜), u0 tj ⊗ dxI˜〉 = 〈Mk(u0 tj ⊗ dxI˜), u0 tj ⊗ dxI˜〉
By the definition of M and the expressions (4.7) and (4.8) whit C := max{m21, . . . ,m2q} we have
〈Mk(u0 tj ⊗ dxI˜), u0 tj ⊗ dxI˜〉 ≤ C〈|x|2u0 tj ⊗ dxI˜ , u0 tj ⊗ dxI˜〉
=
C
2sπn
∫
Rn
|y|2e−|y|2 dy
Therefore, if s→∞ then λ0k,s → 0, and consequently Lks (u0 tj ⊗ dxI˜)→ 0.
For the l-th eigenvalue, where l ≥ 2
(4.16) λlk,s = min
V⊂Ωkeq(R
n)
dim(V )=l
max
w∈V
|w|=1
(Lksw,w) ≥ min
V⊂Ωkeq(R
n)
dim(V )=l
max
w∈V
|w|=1
((T ks w,w) ≥ 2s
Summarizing, if k−m is a non-negative even integer, when s goes to infinity, the smallest eigenvalue
of Lks (which is non negative with multiplicity one) goes toward zero, while the other elements of its
spectrum go to infinity. Therefore φ(Lks ) converges to the orthogonal projection on the linear space
generated by u0 t
j ⊗ dxI˜ , when s goes to infinity. Using (4.3), this proves the following lemma
Lemma 4.2. Let m be the Morse index of f at a critical point p. The following relation holds
lim
s→∞
trφpφ(L
k
s ) =
{
1 for m = k, k − 2, k − 4, . . .
0 otherwise
therefore,
lim
s→∞
∑
p
tr φpφ(L
k
s ) = ck + ck−2 + ck−4 + . . .
where p runs over the critical points of the Morse function f , and ck denotes the number of critical
points with Morse index k.
Contribution of critical orbits: Let x be a point on a critical orbit o and Nx be the orthogonal
complement of Txo. In this case Gx is a discrete subgroup Zq of T with an orthogonal action on Nx.
The action of T on N = T×Nx/Zq is induced by the translation action eiψ(θ, w) = (ψ+ θ, w) on the
covering T×Nx and the covering map π : T×Nx → N is equivariant with respect to this actions. By
the equivariant tubular neighbourhood theorem and Morse lemma there are invariant neighbourhood
U of o and N(r) of the zero section of the vector bundle N , and there is an equivariant diffeomorphism
ψ : N(r) → U , such that f(ψ(w)) = ‖Pw‖2 − ‖(1 − P )w‖2, where P is an equivariant orthogonal
bundle projection. The pull back of the bundle projection P by π is a trivial bundle projection Q on
Nx (considered as a bundle map on T×Nx), and
(ψ ◦ π)∗f (θ, w) = |Q(w)|2 − |(I −Q)(w)|2
Therefore, there is a coordinate system (θ, x1, . . . , xn−1) for the covering space T×Nx in which the
metric has the following form
(4.17) g = κ2dθ2 + dx21 + dx
2
2 + · · ·+ dx2n−1,
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where κ2 is a constant that will take large values in forthcoming discussion, and the function f is
given by the following expression
(4.18) f(θ, x1, . . . , xn−1) = ǫ1x
2
1 + · · ·+ ǫn−1x2n−1.
Moreover, the action has the following trivial representation
(4.19) eiψ(θ, x1, . . . , xn−1) = (ψ + θ, x1, . . . , xn−1).
With respect to these coordinates, Clifford hessian of (3.7) takes the following form (see [13, page
126])
(4.20) Hf =
n−1∑
i=1
ǫiZi ; Zi = [dxi∧ , dxiy]
Let denote by Ls the restriction of ∆eq,s to U and denote by L˜s is lifting (as a differential operator) to a
neighbourhood of T (as the zero section) in the trivial bundle T×Nx with coordinates (θ, x1, . . . , xn−1).
The T invariant eigenvectors of Ls and L˜s are independent of the variable θ. It is clear that eigenvectors
of Ls can be lifted to eigenvectors of L˜s with the same eigenvalues. On the other hand, T-invariant
eigenvectors of L˜s are actually smooth functions on R
n−1, and among them, those that are invariant
under the action of Zq are lifted eigenvector of Ls (with the same eigenvalue). Therefore we need to
study the spectral properties of
L˜s : Ωeq(T× Rn−1)→ Ωeq((T × Rn−1)
Since all invariant differential forms in T × Rn−1 are independent of θ and v = (1, 0, . . . , 0) and
v∗ = κ2dθ we have
dv∗ω = 0
(iv ◦ d∗ + d∗ ◦ iv)ω = (dv∗∧)∗ω = 0
(v∗ ∧ iv + δjiv(v∗∧))(tj ⊗ dθ ∧ dxI) = κ2dθ ∧ dxI
(v∗ ∧ iv + δjiv(v∗∧))(tj ⊗ dxI) = κ2δjtj ⊗ dxI
(4.21)
Therefore, by lemma 4.1 and relations (4.6), (4.17) and (4.18) we get following expressions:
Hf (dθ ∧ dxI) = 2

∑
i∈I
ǫi −
∑
j /∈I
ǫj

 dθ ∧ dxI = CIdθ ∧ dxI(4.22)
Hf (dx
I) = 2

∑
i∈I
ǫi −
∑
j /∈I
ǫj

 dxI = CIdxI ,
L˜s(aj,I t
j ⊗ dθ ∧ dxI) = ((∆ + 4s2|x|2 + sCI + κ2)aj,I) tj ⊗ dθ ∧ dxI
L˜s(bj,I t
j ⊗ dxI) = ((∆ + 4s2|x|2 + sCI + δjκ2)bj,I) tj ⊗ dxI
Similar to the case of critical points, eigenvectors of L˜s are u
l
I t
j ⊗ dθ ∧ dxI and ulI tj ⊗ dxI , where ulI
is l-th eigenvector of the following operator, corresponding to the eigenvalue s(4l + 2n− 2 + CI)
∆ + 4s2|x|2 + sCI : L2(Rn−1)→ L2(Rn−1)
By definition of CI in (4.22), it is clear that CI ≥ −2n+ 2 and the equality holds for I˜, consisting of
those indices i such that the coefficient of x2i in expression (4.18) for f is −1. Therefore, all non zero
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eigenvalues of L˜s go to infinity when s and κ go to infinity, while its kernel is w˜0 = u0 t
0⊗ dxI˜ , where
(4.23) u0 =
(
π−1
√
2s
)n/2
e−s|x|
2
.
Since dxI˜ is the volume form of kerQ = π∗ kerP , it is invariant under the action of Zq if and only if
kerP = N− is orientable (see (2.3) for definition ofN−). Of course u0 is invariant under all orthogonal
transformations of Rn−1. Therefore, w˜0 is Zq-invariant if and only if N
− is orientable, and in this
case, it is the lifting of w ∈ Ωeq((T×Rn−1)/Zm) which generate the kernel of Ls. The other non-zero
eigenvalues of Ls, being non-zero eigenvalues of L˜s, go to infinity when s and κ go to infinity. This
argument has the following conclusion
Lemma 4.3. The relation
lim
s→∞
∑
o
tr φoφ(L¯
k
s ) = dk
holds, where o runs over the critical orbits of the Morse function f and dk denotes the number of
critical orbits with index k having orientable bundle N− (and dk = 0 for k ≥ n).
Now we have everything to prove the main theorem 2.1.
Proof: [of the main theorem 2.1] The claimed inequalities follow directly from theorem 3.2 and
lemmas 3.5, 4.2 and 4.3. We just need to show that for k ≥ n + 1 the Morse inequalities do not
provide new ones and reduce to lower order Morse inequalities. We do this for k = n, the general case
is similar and follows from (3.5). For this purpose note that dk = 0 for k ≥ n, therefore, by 3.5 and
4.2 we have
lim
s→∞
(µn+1s − µns ) = (cn−1 + cn−3 + . . . )− (cn + cn−2 + . . . )
The right side of this equality is (−1)n−1 times the sum of the indices of the vector field v on its
singularities which equals (−1)n−1χ(M), by the Poincare-Hopf theorem. This and lemma 3.1 show
that c˜n+1 − c˜n = βn+1eq − βneq and complete the proof. 
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